In this article we propose a new and so-called holomorphic deformation scheme for locally convex algebras and Hopf algebras. Essentially we regard converging power series expansion of a deformed product on a locally convex algebra, thus giving the means to actually insert complex values for the deformation parameter. Moreover we establish a topological duality theory for locally convex Hopf algebras. Examples coming from the theory of quantum groups are reconsidered within our holomorphic deformation scheme and topological duality theory. It is shown that all the standard quantum groups comprise holomorphic deformations. Furthermore we show that quantizing the function algebra of a (Poisson) Lie group and quantizing its universal enveloping algebra are topologically dual procedures indeed. Thus holomorphic deformation theory seems to be the appropriate language in which to describe quantum groups as deformed Lie groups or Lie algebras.
Introduction
In this paper we propose a new deformation scheme which we call holomorphic deformation and which seems to recapture what is actually done in the context of describing quantum groups as deformed Lie groups or Lie algebras. Although it appears to be new as an explicitely formulated concept, we are convinced that our holomorphic deformation theory is in fact very close to many aspects of existing deformation procedures in mathematical physics.
The reason to consider holomorphic deformations instead of the by now classical formal deformations of Gerstenhaber (cf. [9, 10, 11] ) is twofold. First, one likes to obtain concrete deformations, i.e. deformations of the structure on a given vector space which are defined on this vector space and not only on a suitable extension. Secondly, it is a well-known fact within the theory of infinite dimensional Hopf algebras that one is often forced to change the usual tensor product and/or the concept of the dual space. This change is well understood by introducing a (locally convex) topology on the Hopf algebra in question as has been shown in the work [4] The advantage of this approach lies, among other things, in the fact that it is possible to actually insert values z ∈ Ω into the holomorphic deformation in order to get a deformed Hopf algebra structure on H (and not merely on H T resp. H Ω ). Furthermore, the structure maps of our concrete deformations of H are evaluations of mappings depending holomorphically on z.
Of course, in order to show that this variation of a deformation concept is reasonable and useful, one has to give interesting examples. In the present paper we will show that a large part of the actually studied deformations of Hopf algebras, in particular those arising in the context of quantum groups, can in fact be interpreted as being holomorphic deformations. This will be done in the final section of the present paper where we show that the Drinfeld and the FRT models can be regarded as being holomorphic deformations of the respective Lie algebras or Lie groups.
In the course of preparing this paper we also found it useful to discuss the problem of what kind of locally convex topologies on the Hopf algebra in question one should consider and whether or not there exist interesting and natural such topologies. These questions are dealt with in the second section after we have introduced in the first section some basic definitions concerning the compatibility of algebraic structures on a vector space with a given locally convex topology. The rather elementary considerations concerning locally convex topologies compatible with a given Hopf algebra, leads to more general topologies than the ones studied in [4] . Our discussion in section 2 furthermore shows that -contrary to what might be expected -introducing a topology on a Hopf algebra H does not necessarily require an additional structure: There exist useful and natural topologies on H, even nuclear ones, which are completely determined by the algebraic data of H.
One of the most useful topologies on a given (Hopf) algebra H is, for instance, the locally convex projective limit topology with respect to the family of all finite dimensional representations of H. Working with this projective limit topology indicates the close connection of a holomorphic deformation with the concept of a formal deformation. Indeed, given a formal deformation of e.g. a universal enveloping algebra Ug of a Lie algebra g, it is in general not allowed to insert numerical values replacing the formal parameter. But after fixing a finite dimensional representation ρ of Ug this can often be done with respect to the finite dimensional algebra ρ(Ug). In particular this procedure works for deformations considered in inverse scattering theory or conformal field theory. Now regarding these important examples it is natural to introduce the projective limit topology of finite dimensional representations. Investigating the reason why it is possible to evaluate the deformation parameter in the representation ρ(Ug) at any element of a complex domain one discovers holomorphic expressions. We thus arrive at a holomorphic deformation of Ug, or more precisely, of the completion of Ug with respect to the projective limit topology of all finite dimensional representations.
Our work is motivated by the desire to understand physicists work on deformation quantization and inverse scattering, in particular the papers [8] by Fock, Rosly and [1, 2] by Alekseev, Grosse, Schomerus, where algebras are "concretely deformed" by a real parameter or q and not only by a formal one. We hope that the concept of holomorphic deformations will give the means to better understand the deformation quantization of the moduli space of flat connections on a given connected, oriented and compact surface with marked points as described in [8, 1, 2] , and to compare it with the quantization in Scheinost, Schottenloher [22] .
Let us also mention that our notion of a deformation creates the means to consider formal and holomorphic deformations in one common language. For more details about this approach we refer the interested reader to Pflaum [18, 19] .
The main ingredient to our theory of holomorphic deformations is not so much an algebraic viewpoint, but a functional analytic one. In particular we will often use the notions of locally convex spaces, nuclearity, and topological tensor products. For the convenience of the reader we therefore explain in the appendix the most important functional analytic concepts used in this article.
The problem of classifying holomorphic deformations is not considered here. This will be the subject of a forthcoming paper together with the study of a suitable cohomology theory.
Topological and algebraic structures
In order to formulate our deformation concept in the next section we need a topological structure on a given vector space. Therefore, in this section we study locally convex structures on a vector space E which are compatible with additional algebraic structures on E such as the structure of an algebra, of a coalgebra or of a Hopf algebra. A collection of definitions and results on locally convex spaces is provided in the Appendix.
In the following K will denote one of the fields R and C together with the Euclidean topology. Furthermore, the locally convex topologies on a given K-vector space E are always assumed to be Hausdorff and complete. The collection of the (complete and Hausdorff) locally convex spaces together with the K-linear continuous maps form a category Lcs. For two locally convex spaces E and F the completion of the tensor product E ⊗ F endowed with the π-topology is denoted by E⊗F . The significance of E⊗F is apparent by the following universal property: There is a natural bijection between the space of continuous bilinear maps E × F → G into a third locally convex space G and the space of continuous linear maps E⊗F → G. With⊗ as tensor product functor Lcs becomes a symmetric monoidal category.
Furthermore, a nuclear space is always supposed to be a locally convex K-vector space E which is Hausdorff, complete and nuclear. The completion E⊗F of E ⊗ F for two nuclear spaces E and F is again a nuclear space (see the Appendix for precise definitions and examples as well as Pietsch [20] and Trèves [29] for proofs and details about nuclear spaces). Thus nuclear spaces form a monoidal subcategory Nuc of Lcs.
We call a nuclear space E strictly nuclear if its (strong) dual E ′ is nuclear as well, if E is reflexive (i.e. the strong dual of E ′ is isomorphic to E as a locally convex space) and if it fulfills the duality condition (cf. (87) in the Appendix), i.e. the canonical linear mapping E ′ ⊗ E ′ → (E⊗E) ′ extends to an algebraic and topological isomorphism
Nuclear Fréchet spaces or duals of nuclear Fréchet spaces are strictly nuclear (cf. Trèves [29] ) as well as nuclear LF-spaces. Restricting the object class of Nuc to strictly nuclear spaces we receive a proper subcategory sNuc of Nuc. Algebraic structures can now be formulated within Lcs, (resp. Nuc or sNuc) in order to obtain locally convex (resp. nuclear or strictly nuclear) algebras, Hopf algebras, etc. In this section we will give detailed definitions for these objects and will examine them. In the next section we present natural examples. Definition 1.1 A locally convex algebra is a locally convex space A together with continuous linear mappings µ : A⊗A → A and η : K → A such that µ fulfills the associativity constraint µ•(µ⊗id A ) = µ•(id A⊗ µ) and η gives rise to a unit:
A locally m-convex algebra is a locally convex algebra A for which there exists a defining family of multiplicative seminorms (see Appendix).
A nuclear algebra (resp. a strictly nuclear algebra ) is a locally convex algebra for which the underlying locally convex space A is a nuclear space (resp. a strictly nuclear space).
Similarly one defines the concepts of locally convex coalgebra, locally convex bialgebra and locally convex Hopf algebra: Finally, a (strictly) nuclear Hopf algebra H is a locally convex Hopf algebra such that the underlying locally convex space H is (strictly) nuclear. Similarly define the notions of (strictly) nuclear coalgebras and bialgebras. Remark 1.2 A nuclear space A comprises a nuclear algebra if and only if it has an underlying structure of a K-algebra such that the multiplication µ : A × A → A is continuous. A similar result does not hold for coalgebras. Namely there exist nuclear coalgebras C which do not have an underlying structure of a coalgebra. In other words this means that the map ∆ : C → C⊗C need not have its image in C ⊗ C. An example is given by the quantized sl(N + 1, C) of section 5.
Within the topological setting we also have to define appropriate topological versions of R-matrix, triangularity, coquasitriangularity, etc. 
where τ : H⊗H → H⊗H is the flip-morphism and R 12 , R 13 , R 23 are the obvious extensions of R to H⊗H⊗H which are trivial on the third, resp. second, resp. first factor. In this case R is called the topological universal R-matrix of H. If additionally
then H is called topologically triangular.
Dually H is called topologically coquasitriangular, if there exists a continuous bilinear map < | >: H⊗H → C, the braiding form, such that for all a, b, c ∈ H
One of the main reasons to consider strictly nuclear Hopf algebras instead of just Hopf algebras lies in the fact that the category of strictly nuclear Hopf algebras has duals. 
Proof:
For the first part of the proposition just apply the isomorphism (H⊗H)
′ to obtain the coproduct ∆ ′ on H ′ as the pull-back
The other structure maps of H ′ are directly defined by transposition. For the second part note that an element R ∈ H⊗H induces a continuous bilinear form
Furthermore, by the isomorphism (H⊗H)
The proof of the required algebraic properties for the thus defined braiding form < | > R resp. Rmatrix R < | > follows exactly like in the well-known finite dimensional case.
2
Let us finally mention that all the nuclear spaces given in the Appendix, in particular the function spaces E(Ω) and O(Ω) as well as all finite dimensional algebras (resp. coalgebras, bialgebras and Hopf algebras), comprise examples of nuclear algebras (resp. coalgebras, bialgebras and Hopf algebras).
Natural locally convex and nuclear Hopf algebras
In this section we will consider some general constructions and examples of locally convex Hopf algebras. Note that analoguous topological constructions can be carried through for locally convex algebras and bialgebras as well. is, according to proposition 1.4, a locally convex Hopf algebra as well. For the special case of a group algebra H = KG of a group G this dual is the Hopf algebra H ′ ∼ = K G of all functions on G.
Projective limit topologies on Hopf algebras.
Alternatively one could provide a given Hopf algebra H over K with the locally convex projective limit topology of finite dimensional representations, i.e. with the coarsest locally convex topology leaving continuous all finite dimensional representations ϕ : H → End V .
Let us assume that these representations separate the points of H. According to the later proved Proposition 2.4 this is e.g. the case for finitely generated Hopf algebras H. It also holds for the universal enveloping algebra H = Ug of a finite dimensional Lie algebra g. Then H is Hausdorff locally convex space. H is complete only if H is finite dimensional. The completionĤ of H however lies in Nuc since it is a locally convex projective limit of finite dimensional spaces. All structure maps of the Hopf algebra H are continuous since the topology is adapted to the finite dimensional representations. Therefore, they can be uniquely extended toĤ and thus turnĤ into a nuclear Hopf algebra. In additionĤ is locally m-convex.
The dualĤ ′ ofĤ (or of H) is the space of matrix coefficients on H:
Hence,Ĥ ′ coincides with the restricted dual H • of H (see Chari, Pressley [5] Chapter 4.1.D). The strong topology onĤ ′ is given by the locally convex inductive limit topology of the maps
where ϕ runs through all finite dimensional representations of H. Thus the strong topology onĤ ′ is the finest locally convex topology. Although the locally convex spaceĤ ′ = H
• is in general not nuclear, it satisfies the duality condition (cf. Appendix, Eq. (88)). Therefore, as in the Proposition 1.4 the transpositions of the structure maps of the locally convex Hopf algebraĤ define the structure of a locally convex Hopf algebra onĤ ′ . Dualizing again one gets the Hausdorff completion H
•′ of H (which isĤ if H is assumed to be Hausdorff).
The locally convex spaceĤ ′ will be nuclear, even strictly nuclear, whenever countably many of the finite dimensional representations generate the topology of H, i.e. ifĤ is Fréchet. This is the case e.g. for the universal enveloping algebra Ug of a semi-simple Lie algebra g (see below).
In the same spirit one can attach to H the projective limit topology with respect to all homomorphisms H → A, where A is a nuclear locally m-convex Fréchet algebra. We call the resulting projective limit topology the topology of nuclear Fréchet representations. The completionȞ of H with respect to this topology again is a nuclear Hopf algebra. Furthermore, one has a natural continuous inclusionȞ →Ĥ.
More generally, one can consider other projective systems of representations of H in order to define appropriate locally convex topologies on H which have their origin in purely algebraic properties of H.
Remark 2.3
In the case A = C[x 1 , ..., x n ] the topology of finite dimensional representations is the topology of pointwise convergence of all derivatives. Hence,Â is not a Fréchet space. Similarly, the tensor algebra TV endowed with the topology of finite dimensional representations is a nuclear m-convex algebra which is not metrizable.
However, the completion of A = C[x 1 , ..., x n ] with respect to the topology of nuclear Fréchet representations is isomorphic to the nuclear m-convex Fréchet algebra O(C n ) of entire holomorphic functions on C n .
We will determine in the following the topologies of finite dimensional representations and of Fréchet representations for some important algebras. Proof: By the universal property of the complete hull we have unique homomorphismŝ TVπ →Â andŤVπ →Ǎ both extending TV π → A. We will show that they have the claimed properties.
Proposition 2.4 Let
First consider the topology of finite dimensional representations. Let us show that this topology is Hausdorff or in other words that the finite dimensional representations of A separate the points of A. Consider the ideals I n = ⊕ k≥n V ⊗k in TV . Their images in 
AsTV →Â is continuous, open and has dense image, it is surjective, hence, provides a continuous presentation ofÂ. Now let us consider the case of nuclear Fréchet representations. Choose a basis (x 1 , ..., x n ) of V and recall that TV is canonically isomorphic to the linear space C (<x 1 ,...,xn>) , where < x 1 , ..., x n > is the free half group generated by x 1 , ..., x n . For any n-tupel α ∈ (Q + ) n define the seminorm p α on V by
This seminorm naturally extends to a seminorm on V ⊗k , k ∈ N and then to a seminorm on TV . By definition p α (v ⊗ w) = p α (v) p α (w) holds for every v, w ∈ TV . Hence, the countable system of seminorms p α gives rise to a metrizable locally m-convex topology on TV . Consequently the completion E of TV with respect to the topology generated by the seminorms p α is locally m-convex and Fréchet. Now assume that ρ : TV → F is a representation with F a nuclear locally m-convex Fréchet algebra. Let p be a multiplicative seminorm on F . Choose
. By the multiplicativity of p and the definition of p α this implies p(ρ(v)) ≤ p α (v) for every v ∈ TV . Hence, ρ extends to a continuous homomorphism E → F .
Let us suppose for a moment that E is nuclear. Since the inclusion TV → E is a continuous Fréchet representation, the nuclearity of E entails the relation E ∼ =Ť V . Denoting byǏ the completion of the kernel I of π, the quotient algebra E/Ǐ then is nuclear as well, locally m-convex and Fréchet. As A lies densely in E/Ǐ the same argument like for E shows that E/Ǐ is the completionǍ. Hence, the claim follows.
So, it remains to show that E is nuclear. We will achieve this by an argument using the sequence spaces of Pietsch [20] . Denote for every β ∈< x 1 , ..., x n > by ℓ(β) the multilength of β; that means ℓ(β) is the n-tupel (ℓ 1 , ..., ℓ n ) where ℓ k counts how many times x k appears in β. The absolute length ℓ 1 + ... + ℓ n of β is denoted by |ℓ(β)|. Now choose a bijection ξ :
By definition E is then isomorphic to the sequence space (cf. Pietsch [20] , Chapter 6) generated by the system of sequences
we now have
By Pietsch [20] , Theorem 6.1.2. this implies that E is nuclear. This proves the claim. 2
Matrix coefficients of group representations.
For a group G let us consider the Hopf algebra of complex-valued matrix coefficients
′ } in the light of 2.2 and 2.1. (Here we assume V always to be finite dimensional complex vector spaces.) R 0 (G) with the finest locally convex topology is a locally convex Hopf algebra fulfilling the duality condition. This topology can also be described as the locally convex inductive limit of the maps
The dual R 0 (G) ′ of R 0 (G) endowed with the strong topology is a locally convex projective limit of finite dimensional algebras and thus is a nuclear Hopf algebra which is locally m-convex. By the duality condition for R 0 (G) the dual R 0 (G) ′ obtains as in Proposition 1.4 the structure of a nuclear Hopf algebra.
In case of a topological group G we replace R 0 (G) by the continuous matrix coefficients R(G) ⊂ R 0 (G). R(G) with the finest locally convex topology is a locally convex Hopf algebra as well and the dual R(G)
′ is a nuclear m-convex algebra. In general, R(G) is not nuclear. For compact groups, however, R(G) is strictly nuclear since by the theorem of Peter and Weyl it is of countable dimension. Moreover, the dual R(G)
′ is a Fréchet nuclear locally m-convex algebra.
The
In the case of a topological group one analogously has a natural continuous Hopf algebra map
For compact groups δ is injective, open onto its image, and span(δ(G)) is dense in R(G)
′ (cf. [4] ). Other models of locally convex Hopf algebras consisting of representative functions can be considered by fixing a suitable class of representations of G in locally convex vector spaces being closed under dualizing, (finite) direct sums and (finite) completed tensor products.
2.6 Universal enveloping algebras. Starting with a Lie algebra g over K the universal enveloping algebra Ug is a Hopf algebra over K. One can study Ug as a topological Hopf algebra with respect to the finest locally convex topology as in 2.1. However, the projective limit topologies of 2.2 are more interesting in some aspects.
So consider the coarsest locally convex topology on Ug such that all finite dimensional representations ρ : Ug → End C V are continuous. Let us assume that these finite dimensional representations separate the points of Ug. This is always the case for a finite dimensional Lie algebra by Ado's theorem. Then the topology of finite dimensional representations on Ug is Hausdorff, and the completionÛg of Ug is a nuclear Hopf algebra as in 2.2. Moreover,Ûg is locally m-convex.
For a Lie group G with Lie algebra g there is a natural map i relatingÛg and the nuclear (cf. 2.5) Hopf algebra R(G)
, where L X is the left invariant differential operator on G given by X ∈ Ug and where e is the unit of G. Comparing the topologies one sees that i is continuous since every finite dimensional representation ϕ of G induces a representationφ on g by differentiation and since i(X)(ξ • ϕ) = ξ(φ(X)). Hence, i can be extended to a continuous R-linear map i :Ûg → R(G)
′ which is a morphism of nuclear Hopf algebras. i is not injective in general. For connected and simply connected Lie groups, however, i is injective. Moreover, in that case i is an open map onto its image i(Ûg), since the finite dimensional complex representations of g and G are in one-to-one correspondence. Therefore,Ûg can be considered as a closed nuclear sub-Hopf algebra of R(G) ′ . But in general i does not need to be open for every Lie group G. Take for example G = U(1) and its Lie algebra g ∼ = R. Then g is also the Lie algebra of R and
N cannot be open since the topology of finite dimensional representations on Ug is not metrizable (cf. 2.3).
Simple Lie algebras.
If g is a simple Lie algebra over C then finitely many of the finite dimensional representations already generate all finite dimensional representations of g (via finite sums and tensor products; e.g. for g = sl(N, C) the finite dimensional representations are generated by the fundamental representation sl(N, C) ⊂ gl(N, C)). As a consequence, the topology of finite dimensional representations onÛg is metrizable and hence Fréchet. Therefore, in the simple caseÛg is in particular strictly nuclear.
For a simple complex Lie algebra g with corresponding connected and simply connected Lie group G the image i(Ug) is dense in R(G) ′ . Hence, by the above, the map i :
′ is an isomorphism of Fréchet algebras. As a consequence, in this situation we have a natural complete duality betweenÛg and R(G)
′ . In particular,Ûsl(N, C) ∼ = R(SL(N, C) ′ . In the case of a compact Lie group G the map i : Ug → R(G)
′ is injective as well. It can be continued to a C-linear injective map i : Ug C → R(G) ′ by complexification of the Lie algebra g. The image i Ug C turns out to be dense in R(G) ′ . However, the induced topology on i Ug C ⊂ R(G) ′ does in general not coincide with the topology coming from the projective topology of finite dimensional representations; see, e.g. the example of U(1). Instead of this, the inclusion i induces a new locally convex topology on Ug C which can be described as the locally convex projective limit of all representationsφ which are derivatives of finite dimensional continuous representations ϕ of the group G.
This topology depends on the group in question and not only on the Lie algebra g. It is always metrizable and nuclear. Hence, the completion -which we denote byŨg C -is a Fréchet nuclear Hopf algebra naturally isomorphic to R(G)
′ . As the completionǓ g of Ug with respect to the topology of nuclear Fréchet representations naturally lies inÛg we have a continuous inclusionǓg → R(G) ′ as well. Note thatÛg,Ǔ g,Ũ g C and R(G) ′ are locally m-convex algebras as projective limits of locally m-convex algebras.
Function and distribution spaces on Lie groups
All the above examples of locally convex and nuclear Hopf algebras are based essentially on the algebraic structures of the Hopf algebra in question. In many cases they carry the finest or the coarsest locally convex topology. In the case of a Lie group G other topological structures can be imposed on certain Hopf algebras of smooth functions on G. These topologies arise from the analytical structure on G. Similarly new locally convex Hopf algebra structures on the universal enveloping algebra Ug of the Lie algebra g are of interest.
For example, on the space of complex valued smooth functions E(G) := C ∞ (G) the topology of uniform convergence of all derivatives on the compact sets of G induces on E(G) the structure of a strictly nuclear Hopf algebra. E(G) is a locally m-convex algebra. Its dual E ′ (G) contains G by the evaluations δ x , x ∈ G, and hence it contains the group algebra CG. E ′ (G) also contains Ug via the injective Hopf algebra map i : Ug → E ′ (G), where i(X) = δ e • L X now acts on the bigger space E(G). Note that this map is not continuous in general. It gives rise to yet another locally convex topology on Ug whose completion is a strictly nuclear Hopf algebra.
Another dual pair of strictly nuclear Hopf algebras is given by the test functions
, the space of distributions on G. We now have the following continuous inclusions:
2.9 FRT-bialgebras. In the following we will show how the construction of quantum matrix algebras by Faddeev, Reshetikhin, Takhtajan [7] can be implemented in our concept of nuclear Hopf algebras and comprises a further nontrivial example. First we introduce some notation. Let A be an arbitrary algebra. The space of n × m matrices with entries from A is denoted by M(n × m, A). The Kronecker product is then the mapping
defined by
Now let V be a n-dimensional complex vector space and let R : Ω → End (V )⊗End (V ) be a holomorphic map defined on an open domain Ω ⊂ C such that 1 ∈ Ω and R(1) = 1. Choosing a basis (x 1 , ..., x n ) of V we can regard R as a n × n matrix with entries in O(Ω). The basis (x 1 , ..., x n ) naturally induces a basis (t κ ι ) of the coalgebra C = (End V ) ′ . Furthermore, it gives rise to the matrix T ∈ M(n × n, TC) the entries of which are the t κ ι . The tensor algebra TC shall carry the inductive limit topology of all finite dimensional subspaces. Thus it is a nuclear bialgebra with coproduct
and counit
We now construct the quantum matrix algebra or FRT-bialgebra A(R) as the quotient of TC modulo the closed ideal I generated by the coefficients of the matrix
By Larson and Tauber [15] or Manin [16] I is a biideal, so A(R) becomes a nuclear bialgebra with a continuous coaction on O(Ω) ⊗ V given by
Using Theorem and Definition 3.1 of Larson and Tauber [15] it follows that A(R) is the initial object with respect to the following properties:
(FRT2) R is an A(R)-comodule map with respect to the natural structure of a topological left
If R is a Yang-Baxter operator, i.e. R is non-degenerate and fulfills the quantum Yang-Baxter equation (QYBE)
then Theorem and Definition 5.1 of Larson and Tauber [15] imply that A(R) is topologically coquasitriangular. The braiding form < | >: A(R)⊗A(R) → C can furthermore be calculated by the relations
3 Holomorphic deformation of locally convex algebras
In our approach to deformation theory we replace the ring C[[h]] used in the formal deformation theory of Gerstenhaber [9, 11, 4] by the ring O(Ω) of holomorphic functions on an open domain Ω ⊂ C n . Note that in the case of Ω = C we have the following relations and inclusions:
where the arrows denote passing to the topological dual, and where O{z} denotes the algebra of convergent power series in z with the natural locally convex inductive limit topology.
In the following let Ω be an open domain in C n and let O = O(Ω) be the nuclear Fréchet algebra of holomorphic functions on Ω. For a complete locally convex Hausdorff space E let
be the space of holomorphic E-valued functions f : Ω → E equipped with the compact open topology. Every E can locally be represented by a convergent power series f (z) = α∈N n f α z α , z ∈ Ω where f α ∈ E (cf. Appendix). E Ω is a complete locally convex Hausdorff space which is isomorphic to the completion of the tensor product O(Ω) ⊗ E with respect to the π-topology (cf. Appendix):
Hence, E Ω is nuclear (resp. Fréchet), if E is nuclear (resp. Fréchet). The pointwise mul- 
is a locally convex algebra and a topological module over O(Ω). The algebra structure on A Ω which we call the constant algebra structure is given by pointwise multiplication and trivial extension of the unit: If µ : A⊗A → A and η : C → A are multiplication and unit of A respecticely, the corresponding structure maps of the constant algebra structure on A Ω are given by
and
Evidently the mappings µ Ω and η Ω are continuous and fulfill the axioms of associativity and unit. They are in fact holomorphic in an obvious sense. Under the isomorphism O(Ω, A) ∼ = O(Ω)⊗A the product µ Ω is given by
In case A is a complete locally m-convex algebra we have an obvious functional calculus on A Ω , i.e. for any holomorphic function f = α∈N n f α z α in O(C) and any element a ∈ A there is a unique f (a) = α∈N n f α a α ∈ A (cf. Appendix).
In deformation theory we are now interested in algebra structures on A Ω different from the constant one. Let us describe this in more detail. Define a topological O(Ω) -algebra structure on E Ω to be an algebra structure on
fulfilling the associativity constraint and a continuous O(Ω)-linear unit
We often denote this algebra (E Ω ,μ,η) byẼ.η is determined byη(1) ∈ E Ω . Two such algebra structures (μ,η) and (μ,η) on E Ω are called equivalent if there exists a O(Ω)-linear isomorphism ϕ : E Ω −→ E Ω (of locally convex spaces) such that the relations
hold. The multiplicationμ of an O(Ω)-algebra (E Ω ,μ,η) can be regarded to be a continuous
to O(Ω, E⊗E) (cf. Appendix). Consequentlyμ can be described as a holomorphic mapμ : Ω → L(E⊗E, E), where L(E, F ) is the space of continuous linear maps from E to F equipped with the topology of uniform convergence on bounded sets of E. Thus around any z 0 ∈ Ω the product mapμ can locally be expanded in the form
where z ∈ Ω is close enough to z 0 and the µ α are continuous bilinear mappings on E with values in E and which depend on the base point z 0 . Similarlyη : C → E Ω with η(λ) = λη(1) can be viewed as the mapη (1) : Ω → E. In case E = A is a locally convex algebra the constant algebraic structure on A Ω is then given byμ(z) = µ and η(λ)(z) = η(λ), λ ∈ C, z ∈ Ω. Before giving the definition of a deformation let us mention that in the following m z denotes the maximal ideal of O(Ω) at a point z ∈ Ω, i.e. m z is the ideal of all holomorphic functions on Ω vanishing at z. In the sequel we shall call a topologically free holomorphic deformation simply a holomorphic deformation, although there exist more general schemes of holomorphic deformations (see Pflaum [18, 19] ). However, these are not needed for our purposes of deformation of Hopf algebra structures.
An important advantage of holomorphic deformations in comparison to formal deformations lies in the fact that for every parameter z ∈ Ω one receives a concrete deformed algebra structure on the underlying linear space of the original algebra A: Simply take -for any value z ∈ Ω -μ(z) ∈ L(A⊗A, A) as the deformed multiplication andη(z) ∈ L(C, A) as the deformed unit. Then for a,
is the new product of a and b and
the new unit. Both, the new product and the new unit are contained in the original space A and not only in a nontrivial extension of A. Of course, the question now is, whether there exist interesting and nontrivial holomorphic deformations of locally convex algebras. The main purpose of this paper is to answer this question in the positive. Let Ω = C * be the set of all nonzero complex numbers and consider the n-dimensional complex vector space V = C n with the canonical basis (x 1 , ..., x n ). Then construct the tensor algebra TV of V or in other words the free C-algebra in n generators. By completion with respect to the projective limit topology of all Fréchet representations TV becomes a nuclear locally m-convex Fréchet algebraŤV . The functions 
) as a nuclear space. This proves the claim. Alternatively one could give TV the inductive topology of all finite dimensional subspaces. Then TV is already a strictly nuclear algebra. By the same procedure as above but now applied to TV one is lead to the algebra P(C n q ) of polynomial functions on the quantum n-vector space. P(C n q ) comprises a deformation of the algebra C[x 1 , ..., x n ] of polynomials in n complex variables.
(ii) Quantum exterior algebra (cf. Wess, Zumino [30] , Manin [16] ). In the spirit of the preceeding example it is also possible to deform the exterior algebra on C n . Let V ′ be the dual of V , (ξ 1 , ..., ξ n ) the dual basis of (x 1 , ..., x n ) and let TV ′ be given the finest locally convex topology. Then consider the closed ideal J ⊂ O(C * )⊗TV ′ generated by the relations
The corresponding quotient Λ(C n q ) = TV ′ /J is the exterior algebra of the quantum n-vector space. Exactly like above it is shown that Λ(C n q ) is a holomorphic deformation over C * of the exterior algebra Λ(C n ). Note that unlike O(C n q ) and P(C n q ) the algebra Λ(C n ) is finite dimensional. The tensor product algebra O(C n q ) ⊗ Λ(C n ) can be interpreted as the algebra of entire holomorphic quantum differential forms on C n q , the tensor product P(C n q ) ⊗ Λ(C n ) as the algebra of algebraic quantum differential forms on C n q .
Holomorphic Quantization.
In mathematical physics one is not only interested in deformations of algebras but also in their quantization. More precisely we want to quantize so-called locally convex Poisson algebras, i.e. locally convex K-algebras A on which a continuous bilinear bracket { , } : A × A → A is defined which is antisymmetric, fulfills the Jacobi identity and the Leibniz rule. A topologically free holomorphic quantization of A over the domain Ω ⊂ C with base point 0 ∈ Ω then is a topologically free holomorphic deformation (A Ω ,μ,η) of A such that the relatioñ
holds for all f, g ∈ A and z ∈ Ω. Let us give an important example of a holomorphic quantization. Consider the space S ∞ ρ,δ (R n × R n ) of classical symbols on R n together with the topology of asymptotic convergence (cf. Hörmander [13] or Pflaum [19] for details on symbol spaces). The Poisson bracket on R 2n naturally induces a Poisson bracket on the symbol space S ∞ ρ,δ (R n × R n ). We want to quantize this Poisson space. By the asymptotic expansion
we define the Moyal-product a * b of two symbols a, b ∈ S −∞ (R n × R n ). Unfortunately -as asymptotic expansions are only unique up to smoothing symbols ∈ S −∞ (R n × R n ) -Eq. (40) does not define an associative product on S ∞ ρ,δ (R n × R n ). But the Moyal product gives a holomorphic deformation of the quotient algebra S ∞ ρ,δ /S −∞ (R n × R n ) carrying the topology of asymptotic convergence. As is well-known the Moyal product induces a formal quantization of the Poisson space
, the above proposition entails that the Moyal-product induces a holomorphic quantization of S ∞ ρ,δ /S −∞ (R n × R n ). Note that in the same way the Wick quantization procedure leads to a holomophic quantization. See also Pflaum [19] for more general quantization schemes which fit into the above holomorphic picture.
Holomorphic deformation of nuclear Hopf algebras
The concept of a (topologically free) holomorphic deformation can easily be transferred to the case of deformations of nuclear coalgebra structures, bialgebra and Hopf algebra structures, as well as Lie bialgebra structures. In particular a (topologically free) holomorphic deformation of a nuclear Hopf algebra H with multiplication µ, comultiplication ∆, unit η, counit ε, and antipode S is given by the following data:
such that (H Ω ,μ,∆,η,ǫ,S) is a nuclear Hopf algebra. (The isomorphisms in the above formulas are explained in the Appendix.) Two such Hopf algebra deformations are equivalent if the corresponding Hopf algebra structures on H Ω are isomorphic. Any holomorphic deformation of a nuclear Hopf algebra turns out to be equivalent to a holomorphic deformation with constant unit and counit, i.e. withη(z) = η andǫ(z) = ǫ for all z ∈ Ω. Our first result concerns the dual of the holomorphic deformationH of a strictly nuclear Hopf algebra H: Transposing all the structure maps one gets a holomorphic deformation of the dual nuclear Hopf algebra H ′ . The underlying topological O(Ω)-module is
with the topology of uniform convergence on bounded (or equivalently compact) sets of
The structure maps on H
, and similarlỹ
The following duality theorem is now obvious. The above theorem is a direct generalization of the corresponding result for the formal case (cf. [4] ). Similarly, the next fact about the construction of a twisting matrix carries over directly to the holomorphic case (cf. [4] , Proposition 4.2.4).
Theorem 4.2 Let G be a compact group and let H denote the strictly nuclear Hopf algebra R(G)
′ ∼ =Ũg C respectively D(G) = E(G) ′ (cf. 2
.6 resp. 2.8). Let (H Ω ,∆) be a holomorphic deformation of the nuclear bialgebra H leaving invariant the algebra product on H. Then there exists F ∈ H⊗H
Ω such that∆ F = F ∆. Proof: Because of∆ ∈ L O(Ω) (H Ω , H Ω ⊗ O(Ω) H Ω ) ∼ = O(Ω,
L(H, H⊗H)) we get a "twisting matrix" F ∈ O(Ω, H⊗H) ∼ = (H⊗H) O(Ω) by the following integral:
where µ is the Haar measure on G and g ∈ G stands for δ g , the Dirac distribution with support in g. By left-and right-invariance of the Haar measure
holds. Hence the claim follows from the fact that the Dirac distributions g = δ g lie densely in R(G) ′ (cf. 2.5). 2
Remark 4.3
We expect in all important examples F (z) to be invertible at least in a neighborhood of the base point. In that case we get a dual version of Theorem 4.2 which leads to a holomorphic coquasitriangular Hopf algebra deformation of R(G). 
is an invertible element of H⊗H for every z ∈ Ω.
(ii) F fulfills the equations
where F 12 and F 23 are defined as usual.
Then F induces a new nuclear Hopf algebra structure (H
is topologically triangular with universal R-matrix R = F 21 F −1 . Now assume H to be topologically quasitriangular with universal R-matrix R and, additionally to the above, the following:
(iii) The quantum Yang-Baxter equation (QYBE) is fulfilled:
(51)
is a topologically quasitriangular nuclear Hopf algebra with universal R-matrix
. If the twisting matrix F fulfills F ( * ) = 1 ⊗ 1 for a point * ∈ Ω, then in both of the above cases (H Ω , µ, η, ∆ F , ε, S F ) comprises a topologically free holomorphic deformation over Ω of the Hopf algebra H with base point * .
Proof: The proof of the theorem can be taken almost literally from the corresponding one in the formal case. Confer for example Chari, Presley [5] .
The purpose of the following considerations is to show how one can construct under certain conditions a holomorphic deformation of an algebra (resp. bialgebra or Hopf algebra) out of a formal one. We will carry out the details only for the algebra case; the ones for bialgebras and Hopf algebras are analogous.
So let A be a finitely generated C-algebra and assume that there exists a formal defor- We subsume these results in the following proposition.
Proposition 4.5 Let A be a finitely generated complex algebra (resp. bialgebra or Hopf algebra) and letÂ be the completion of A with respect to the topology of finite dimensional representations (resp. nuclear Fréchet representations). Then every formal deformation A of A induces a formal deformationÂ ofÂ together with a canonical filtered embedding A →Â . If the deformation A has holomorphic initial data over some open connected domain Ω ⊂ C containing the origin, then there exist a topologically free holomorphic deformationÃ of
A over Ω and a canonical filtered embeddingÃ Ω →Â . These constructions are unique up to isomorphy. Remark 4.6 Suppose H to be a formal deformation of a finitely generated Hopf algebra H with holomorphic initial data. Give H the projective limit topology with respect to all projections H → H / m H ∼ = H m ⊂Ĥ m . Assume further that H is topologically (quasi-) triangular with universal R-matrix R ∈ H ⊗ H . The question now is whether the universal R-matrix on H can be pushed down to one onH Ω or in other words whether it induces onH Ω the structure of a topologically (quasi-) triangular Hopf algebra.
Obviously this is the case if and only if the formal power series expansion of R with respect to inĤ⊗Ĥ is converging over Ω.
Remark 4.7
Let Ω be an open domain in C n or even more generally a complex manifold. Then it is possible to define holomorphic deformations over Ω exactly like in the case of one complex variable. Such deformations are called holomorphic multiparameter deformations. We do not give examples here but mention that a formal multiparameter deformation (cf. Reshetikhin [21] ) with holomorphic initial data obviously induces a holomorphic multiparameter deformation. The theory of holomorphic deformations give sense also for infinite dimensional domains Ω, at least if O(Ω) is a nuclear Fréchet algebra. This is the case, for example, if Ω is a domain in a suitable Köthe sequence space E which is the dual of a Fréchet nuclear space. (cf. Schottenloher [24] ).
Quantum groups as holomorphically deformed Hopf algebras
By discussing some important examples we want to convince the reader in this section that the theory of quantum groups can be understood as the theory of holomorphic deformations of universal enveloping algebras respectively of Hopf algebras of functions on a Lie group. In particular, we want to show that these two approaches are dual to each other in the context of holomorphic deformation. But this is the precise mathematical meaning of the physicists claim that quantizing the algebra of matrix coefficients on a (Poisson) Lie group is dual to quantizing the corresponding universal enveloping algebra.
Quantized Usl(N + 1, C).
Consider the Lie algebra sl(N + 1, C). Its Lie algebra structure is given by the basis X
where (α ικ ) is the Cartan matrix of sl(N + 1, C), i.e. a ιι = 2, a ικ = 0 for |ι − κ| > 1 and a ικ = 1 for |ι − κ| = 1. From the universal enveloping algebra Usl(N + 1, C) we can construct by completion with respect to the projective limit topology of all finite dimensional representations (resp. all nuclear Fréchet representations) the nuclear algebra resp. nuclear Hopf algebraÛsl(N + 1, C) (cf. 2.6). We now want to construct a holomorphic deformation ofÛsl(N + 1, C) (resp. one of Usl (N + 1, C) ) over the domain Ω = {z ∈ C : z = kπi, k ∈ Z * } by applying Proposition 4.5. It is a well-known fact from the theory of quantum groups (cf. Chari, Pressley [5] ) that the following relations define a formal deformation of the nuclear Hopf algebra Usl(N + 1, C):
By power series expansion around 0 it is clear that
comprises a holomorphic function on Ω; the other relations are obviously holomorphic in z as well. Hence, the formal deformation of Usl(N + 1, C) has holomorphic initial data. By Proposition 4.5 the relations (55) to (61) thus generate a holomorphic deformation U q sl(N +1, C) =Û q sl(N +1, C) of the nuclear Hopf algebraÛsl(N + 1, C) and a holomorphic deformationǓ q sl(N + 1, C) ofǓsl (N + 1, C) .
Using the Drinfeld double (cf. Drinfel'd [6] ) one can construct a (topological) Rmatrix R on formally quantized Usl(N + 1, C) such that R has an expansion of the form
where t 0 ∈ sl(N + 1, C) ⊗ sl(N + 1, C) is chosen appropriate, H β = ι β ι H ι and the P β are polynomials homogeneous of degree β ι in X + ι ⊗ 1 and 1 ⊗ X − ι . Hence R has a converging power series expansion, so Remark 4.6 entails that U q sl(N + 1, C) is topologically quasitriangular as well.
Remark 5.2
The quantum group models defined by Jimbo [14] do not comprise a holomorphic deformation ofÛsl(N + 1, C), though a holomorphic deformation of a certain extended Hopf algebra, for example for
5.3 Quantizing SL(N, C) by dualizing. Now we want to quantize the dual of the preceding example, or in other words the algebra R(SL(N, C)) of representation functions on the Lie group SL(N, C). Recall from 2.7 thatÛsl(N, C) and R(SL(N, C)) are strictly nuclear and thatÛsl(N, C) is topologically isomorphic to R(SL(N, C)) ′ . Hence, according to Proposition 4.5 the deformation U q sl(N, C) gives rise to a holomorphic deformation U q sl(N, C) ′ of R(SL (N, C) ). Unfortunately we do not yet have a concrete representation of U q sl(N, C)
′ by generators and relations. As will be shown in the next paragraph, the well-known FRT-deformation of R(SL(N, C)) does exactly provide that. SL(N, C) according to FRT. First let us recall the FRT-construction of quantized R (SL(N, C) ). Any finite dimensional representation of SL(N, C) can be realized as a subrepresentation of a sum of tensor products of the fundamental representation of SL(N, C). This means that R (SL(N, C) ) is generated by the matrix coefficients T = t 
Quantizing
It can even be shown that the algebra generated by t j i modulo the determinant relation is in fact isomorphic to R (SL(N, C) ). From 2.5 and 2.7 we infer the finest locally convex topology on R (SL(N, C) ) being the natural one, in particular, because of the natural duality between Ug and R(G). To deform the nuclear Hopf algebra R (SL(N, C) ) we will now use the FRT-construction as described in 2.9. Let V be the complex vector space spanned by x i , i = 1, ..., N and consider the R-matrix
where (t . Hence, by the FRT-construction 2.9 we receive the bialgebra A(R). It is well-known that the quantum determinant
belongs to the center of A(R). Denoting by I the ideal I = A(R)(det q T − 1) the quotient bialgebra A(R)/I then is even a Hopf algebra with antipode given by
where thet j i are the so-called quantum-cofactors
We denote the quotient A(R)/I by R(SL q (N, C)) and call it the algebra of matrix coefficients on quantized SL(N, C). As we will show R(SL q (N, C)) (endowed with the locally convex inductive limit topology of all finite dimensional subspaces) comprises the holomorphic deformation of R(SL(N, C)) we are looking for. In particular R(SL q (N, C)) will be isomorphic to U ′ q sl(N, C). In the second step we will show that the FRT-bialgebra A(R) is a holomorphic deformation of the bialgebra of polynomial functions on the semigroup M(N × N, C). Though the proof seems to be quite technical we will give it in some detail, as it provides an example for constructing a holomorphic deformation without first having a formal one.
Let us determine the relations between the t j i . These relations are given by the entries of the matrix T 1 T 2 R − R T 2 T 1 , where T 1 = T ⊙ 1 and T 2 = 1 ⊙ T . Equivalently we can calculate the entries of the matrix
They are written down in the following table: variables i, j, k, l t
Check that the first, the third, the sixth and last entry in this table are linear combination of the other ones. Hence, A(R) is generated by the t j i modulo the relations
Now it is straightforward to show that A(R) is free over O(C * ) with basis
Consequently 
where c(n, i), d(i) ∈ O(C * ), val n < val m for every n ∈ N N 2 with c(n, i) = 0 and
whered(i),c(i, n) ∈ O(C * ) and
(77) By definition val n < val m(i) holds for every n ∈ M(i). Hence, by (70) the expansion of 
is true, and val n < val m for every n ∈ N N 2 with c(n, i − 1) = 0. Hence, by induction we can set i = 1 in (75). Modulo I this implies that 
with d(m) ∈ O(C * ) and a ∈ A(R), and assume that both sides do not vanish. But then by (70) and the definition of det q T the expansion of the right hand side contains at least one monomial T m , m / ∈ M with nonvanishing coefficient in O(C * ). Thus the left and right side of (80) cannot be equal unlike they are both 0. This shows the linear independance.
As the monomials T m , m ∈ M form a C-basis of the undeformed algebra R(SL(N, C)), it follows that as (topological) vector spaces O(C * ) ⊗ R(SL(N, C)) and R(SL q (N, C)) are isomorphic. Furthermore we have the following chain of Hopf algebra isomorphisms:
This finally proves the claim, i.e. R(SL q (N, C)) is a holomorphic deformation of R(SL(N, C)).
Next we want to sketch the proof for the isomorphy of R(SL q (N, C)) and U q sl(N, C) ′ or in other words for the duality between R(SL q (N, C)) and U q sl(N, C). Denote for
We claim that R(SL e z (N, C)), z ∈ Ω is topologically isomorphic to the restricted Hopf dual U z sl(N, C)
• with the finest locally convex topology. Check that there is a canonical N-dimensional indecomposable U z sl(N, C)-module ρ : U z sl(N, C) → End (W ). Define the matrix coefficients A ij by
for any h ∈ U z . Therefore, we can define a homomorphism Φ : TC → U z sl(N, C)
• , where C = End(W ) ′ . Obviously, Φ is continuous with respect to the finest locally convex topology on TC. By a lengthy calculation one can show that Φ is surjective and ker Φ = I z := ker(TC → R(SL e z (N, C)). (More details for this are given in Chari, Pressley [5] , Theorem 7.1.4. for the case of Usl(2, C) and in Takeuchi [27, 26] for the general case. See also Drinfel'd [6] .) Hence, Φ induces a linear isomorphism Φ : R(SL e z (N, C)) → U z sl(N, C)
• which is topological since both spaces are endowed with the finest locally convex topology.
We now have proven the main part of the following theorem. • , and
Proof: It has been shown above that A(R)/(det q −1)A(R) is a holomorphic deformation of R(SL (N, C) ). That it is even a holomorphic quantization follows from Theorem 3.4 and [7] .
• is a topological isomorphism, paragraph 2.2 entails that R(SL e z (N, C)) is isomorphic to U z sl(N, C) ′ . By strict nuclearity U z sl(N, C) ∼ = R(SL e z (N, C)) ′ follows as well. 2
A Nuclear spaces and holomorphic vector-valued functions
Locally convex spaces A seminorm on a (real or complex) vector space E is a function p : E → R satisfying p ≥ 0, p(0) = 0, p(x+y) ≤ p(x)+p(y) and p(λx) = |λ|p(x) for all x, y ∈ E and λ ∈ K. Any family P of seminorms on E defines a locally convex topology on E: A subbasis of this topology is, for example, the system of all "open balls" B p (a, r) = {x ∈ E : p(a − x) < r}, where a ∈ E, r > 0 and p ∈ P . E together with such a topology is called a locally convex space, and the set of all continuous seminorms on E will be denoted by cs(E). A locally convex space can also be described as a vector space E together with a translation invariant topology for which the structure maps E × E → E and K × E → E are continuous such that 0 ∈ E has a neighborhood basis B consisting of absolutely convex open subsets U ⊂ E. Each such U corresponds to a seminorm
and the topology is defined by the family {p U : U ∈ B} of seminorms. In general, P as above is called a defining family of seminorms of the locally convex space E. A locally convex space E is metrizable (resp. normalizable), if E is Hausdorff and possesses a countable (resp. finite) defining family P of seminorms. E is Hausdorff, if to every x ∈ E \ {0} there corresponds a p ∈ P with p(x) = 0. We are mainly interested in locally convex Hausdorff spaces which are complete with respect to the uniformity given by cs(E). A complete metrizable locally convex space is called a Fréchet space.
Locally m-convex spaces
A locally convex algebra over K is an associative K-algebra A with a locally convex topology such that the multiplication A × A → A is continuous. In order to have a reasonable functional calculus on A one needs an additional property, namely m-convexity. Recall that a seminorm p on an algebra A is called multiplicative, if
for all x, y ∈ A. A locally convex algebra A is called locally m-convex (cf. Michael [17] ) if there exists a defining family P of multiplicative seminorms. On a complete locally m-convex algebra over C there exists a functional calculus as an action of the space O(C) of entire functions on the algebra A: To each f ∈ O(C) with power series expansion f (z) = c n z n and each a ∈ A the series c n a n yields a well-defined element f (a) = c n a n ∈ A. The convergence of this series follows from p(a n ) ≤ p(a) n for multiplicative seminorms p on A:
for m, k → ∞ and p ∈ P . Hence, c n a n is a Cauchy series. An example for a locally convex but not locally m-convex algebra is given by C[T ] (or Ug) with the finest locally convex topology. Otherwise, 1 n! a n would converge for all a ∈ A. But for a = T the sequence Every normed algebra over K is locally m-convex, and so is every subalgebra of a product of normed algebras. Hence, the locally convex inverse limit topology on A of a family ϕ i : A → B i of homomorphisms into normed algebras is locally m-convex, as is the locally convex projective limit of a projective system of m-convex algebras. Hence, the projective limit topologies considered in section 2 define locally m-convex algebras.
Nuclear Spaces
On a given tensor product E ⊗ F of two locally convex spaces E and F one can consider many different locally convex topologies arising from the topologies on E and F . The most natural one is the π-topology, i.e. the finest locally convex topology on E ⊗ F for which the natural mapping
is continuous. E ⊗ F with this topology is denoted by E ⊗ π F , its completion by E⊗F . Another useful topology can be described by the embedding E ⊗ F → B(E (ii) for all (e, f ) ∈ E ′ × F ′ the linear form e ⊗ f : E ⊗ F → K, x ⊗ y → e(x) f (y) is continuous.
In fact, the π-topology is the strongest and the ε-topology is the weakest topology on E ⊗ F compatible with ⊗.
A locally convex space E is called nuclear, if all the compatible topologies on E ⊗ F agree for all locally convex spaces F (cf. Grothendieck [12] ). All finite dimensional vector spaces are nuclear. Subspaces and Hausdorff quotients of nuclear spaces are nuclear, as well as the completion of a nuclear space. In general, locally convex projective limits of nuclear spaces and countable locally convex inductive limits of nuclear spaces are also nuclear. The direct sum C (Λ) for an uncountable Λ provides an example of an inductive limit of nuclear spaces which is not nuclear. It also provides an example of a nuclear space E, namely E = C Λ , such that the dual E ′ ∼ = C (Λ) is not nuclear with respect to the strong topology on E ′ , i.e. the topology of uniform convergence on bounded subsets of E. In the following we will denote by E⊗F the completion of E ⊗ π F . Note, that E⊗F is nuclear for complete nuclear spaces E and F . Formula (87) holds true for nuclear Fréchet spaces (cf.Trèves [29] ) and therefore, by dualizing, also for duals of nuclear Fréchet spaces. It also can be proven for nuclear LFspaces E (and their duals), i.e. nuclear spaces E which can be described as an inductive limit E n ⊂ E n+1 ⊂ ... ⊂ E of Fréchet spaces such that E n has the topology induced from E n+1 . As a consequence many of the important function spaces in Analysis are strictly nuclear, e.g. the space O(Ω) of holomorphic functions on a complex manifold Ω, the space E(M) = C ∞ (M) of infinitely differentiable functions on a manifold M, the space D(M) of test functions on a manifold M and the dual, the space of distributions. The latter two examples are in general neither Fréchet nor dual Fréchet. Note that for a strictly nuclear space E the dual E ′ is strictly nuclear as well. This can be seen by simply dualizing (87). The space K (Λ) of functions Λ → K with finite support for an arbitrary set Λ is the prototype of a locally convex space E with the finest locally convex topology (simply choose a Hamel basis of E indexed by Λ). The space K (Λ) satisfies the duality condition (87) as well, although this space is only nuclear (and strictly nuclear) for countable Λ. The reason for this is essentially the fact that for E := K (Λ) the tensor product E ⊗ E with the π-topology is already complete and isomorphic to K (Λ×Λ) , which follows from the observation that the product topology on E × E is the finest locally convex topology. Moreover, the strong dual of K (Λ) is isomorphic to K Λ with the product topology. Hence,
and similarly or by dualizing
Holomorphic vector-valued functions
The theory of holomorphic functions on an open subset Ω of C with values in a complete locally convex space E over C parallels the theory of holomorphic functions g : Ω → C.
The following is easy to show.
canonically isomorphic to F εE, and this new product is associative. By the theorem of Mackey, L(E, F ) ∼ = E (ii) E Ω⊗O(Ω) E Ω ∼ = (E⊗E) Ω and therefore
(iii) If E is strictly nuclear E
Proof:
The first two relations follow directly from the above proposition. The last isomorphism is a consequence of the following chain of isomorphisms:
since E is strictly nuclear. Furthermore,
